BOUNDS OF RIESZ TRANSFORMS ON L p SPACES 
FOR SECOND ORDER ELLIPTIC OPERATORS 
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Abstract. Let C = — div(A(:r)V) be a second order elliptic operator with real, symmetric, 
t-H , bounded measurable coefficients on R™ or on a bounded Lipschitz domain subject to Dirichlet 

boundary condition. For any fixed p > 2, a necessary and sufficient condition is obtained for 

the boundedness of the Riesz transform V(£)~ x / 2 on the L p space. As an application, for 
p I ' 1 < p < 3 + e, we establish the L p boundedness of Riesz transforms on Lipschitz domains for 

, operators with VMO coefficients. The range of p is sharp. The closely related boundedness 

of V(£) -1 / 2 on weighted L 2 spaces is also studied. 

-5: 
£: 

'— 1. Introduction 

^ ! Consider the second order elliptic operator of divergence form 

{C: (1.1) C = -div(A(x)V) on 0, 

'. 

where = W" 1 or a bounded open set of M. n . In the case of bounded domains, we impose 
the Dirichlet boundary condition u = on dQ. Throughout this paper, we assume that 
A(x) = (ajk(x)) isannxn symmetric matrix with real- valued, bounded measurable entries 
^ ' satisfying the uniform ellipticity condition, 

^ : 

(1.2) ^l 2 < a jk (x)tj£k < -|^| 2 , for all ^, x G R n and some \i > 0. 

j,k=i ^ 

K> , 

Under these assumptions, it is known that the Riesz transform V(£) -1 / 2 is bounded on 
L p (0) for 1 < p < 2 + e where e = e(n, > 0, and is of weak type (1, 1) (see e.g. [4,7]). 
Moreover, the range of p is sharp. The main purpose of this paper is to investigate the L p 
boundedness of the Riesz transform for p > 2, as well as the closely related boundedness 
on weighted L 2 spaces, under some additional conditions. For any fixed p > 2, we obtain 
a necessary and sufficient condition for the boundedness of the Riesz transform on L p (0). 
Armed with this condition, for elliptic operators with VMO coefficients, we are able to 
establish the L p boundedness of Riesz transforms on Lipschitz domains for the optimal 
range of p. 

Theorems A, B and C below are the main results of the paper. 
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Theorem A. Let C be a second-order uniform elliptic operator of divergence form with 
real, symmetric, bounded measurable coefficients on M, n , n > 2. For any fixed p > 2, the 
following statements are equivalent. 

i) There exists a constant C > such that for any ball B = B(xo,r) and any weak 
solution of Cu = in 3B = B(xo,3r), one has \Vu\ G L P (B) and 

(L3) (jif L 1 vu H u " - (m L 1 VM|2<fa ) 1/2 • 

ii) There exists e > such that the Riesz transform V(£) -1 / 2 is bounded on L q (MP 7 dx) 
for any 1 < q < p + e. 

Hi) There exists 5 > such that if u is an A s weight with s = 2(1 — ^) + 8, then 

(1-4) I|V(£)- 1/2 /IIl 2( m«^) < c II/II^cr-,^ ), 

where C depends on the A s bound of u. 

In particular, V(£) -1 / 2 is bounded on L p (R n , dx) if and only if condition (i) holds for the 
same p. Consequently, the set of exponents p G (1, oo) for which V(£) 1 / 2 is bounded on 
L p (R n , dx) is an open interval (l,po) with 2 < p < oo. 

We remark that condition (ii) follows directly from (iii) by an extrapolation theorem, 
due to Rubio de Francia. It is also not hard to see that condition (i) follows from (ii) by 
a standard localization argument, since the LP boundedness of the Riesz transform yields 
the W 1,p estimates for C. The rest of the proof of Theorem A, however, is much more 
involved. To prove that condition (i) implies (ii), we use a new and refined version of the 
celebrated Calderon-Zygmund Lemma. See Theorem 3.1. This theorem, formulated by 
the author in [17], was inspired by a paper of Caffarelli and Peral [6] as well as a recent 
work of L. Wang [19]. For any fixed p > 2, it gives a sufficient condition for an L? bounded 
sublinear operator to be bounded on L q for all 2 < q < p. It enables us to show that the 
operator V£ _1 div is bounded on LP under condition (i). The boundedness of the Riesz 
transform then follows from the fact that H^ 1 / 2 /^ < C ||V/||q for any 1 < q < oo [4]. 
To show that condition (i) implies (iii), the basic observation is that condition (i) leads to 
an L p estimate on the kernel function of the Riesz transform. Using this estimate on the 
kernel as well as the L p boundedness established above, we show that the sharp function 
of the adjoint of the Riesz transform can be dominated by the Hardy-Littlewood maximal 
function. The desired estimate (1.4) then follows from the weighted norm inequalities for 
the sharp and maximal functions. 

It is not very difficult to extend the argument above to the case of bounded Lipschitz 
domains. This gives us the following. 

Theorem B. Let O be a bounded Lipschitz domain in MP , n > 2. Let C be a second-order 
uniform elliptic operator of divergence form on Vt, subject to Dirichlet boundary condition. 
For any fixed p > 2, the following statements are equivalent. 
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i) There exist constants C > 1, a 2 > ct\ > 1 and r > such that for any ball B(xo,r) 
with the property that < r < ro and either xq G <90 or B(xq, a 2 r) C O, and for any 
weak solution of Cu = in On -B(xo, ct^r) u = on B(xq, a 2 r) fl 90 (if xq G dOj, 
one has |Vn| G L p (0 fl B(xq, r)) and 

(1.5) f \ [ |Vn| p da^ < C (\ f \Vu\ 2 dx 

y n Jnr\B(x ,r) J y n JvmB{x ,air) 




ii) There exists e > snc/i that the Riesz transform V(£) 1 I 2 is bounded on L q (Q : dx) for 
any 1 < q < p + e. 

Hi) There exists 5 > such that if ui is an A s (M n ) weight with s = 2(1 — |) + 8, then 

(i-6) liv^)- 1 / 2 /!!^^^)^^!!/!!^^^), 

where C depends on the A s bound of u. 

In particular, V(£) -1 / 2 is bounded on L p (0, dx) if and only if condition (i) holds for the 
same p. Consequently, the set of exponents p G (1, oo) for which V(£) 1 / 2 is bounded on 
L p (0, dx) is an open interval (l,po) with 2 < p < oo. 



A few remarks are in order. 



Remark 1.7. Let O = R n or a bounded Lipschitz domain. It follows from Theorems 
A and B that V(£) -1 / 2 is bounded on L p (Q 7 dx) for any p G (l,oo) if and only if it is 
bounded on L 2 (Q : u>dx) for any uj G A 2 (W l ). To see this, we note that uj G A 2 implies 
that uj G A q for some q < 2, and — G A 2 . For the classical Riesz transform V(— A) -1 / 2 , 
the boundedness on L p (R n ) for 1 < p < oo, and on L 2 (M n , ujdx) with uj G A 2 (M n ) is well 
known (see e.g. [18,10]). 

Remark 1.8. For a general second order elliptic operator C with real, symmetric, bounded 
measurable coefficients, V(£) -1 / 2 is bounded on LP for 1 < p < 2 + e. The range of p was 
shown to be optimal by C. Kenig (see [4, pp. 119-121]). It is worth mentioning that the 
boundedness of V(£) -1 ' 2 on LP is equivalent to the inequality ||V/|| P < C ||^ 1/2 /|| P . The 
reverse inequality H^C 1 / 2 /!^ < C||V/|| P , nevertheless, holds for all 1 < p < oo [4,5]. The 
proof of Theorems A and B depends on this fact. 

Remark 1.9. By a simple geometric observation, one may see that condition (i) in The- 
orem B is equivalent to the following. There exist C\ > 0, > > 1 and r\ > such 
that for any D = B(x ,r) fl O ^ with x G M n , < r < ri, and for any weak solution 
of Cu = in O n B(xo, a^r) and u = on B(xq, a^r) fl <90 (if it's not empty), one has 
|Vn| G LP(D) and 

(1.10) (— / \Vu\ p dx\ ' <C 1 {— ! \Vu\ 2 dx\ . 

\r n J D l J " \r n JnnB( X0 ,a 3 r) 1 J 



4 



ZHONGWEI SHEN 



By the reverse Holder inequality estimates [12, pp. 122-123], this implies that condition (i) 
in Theorem B has the self-improvement property. This is, if C satisfies condition (i) in 
Theorem B for some p > 2, then it satisfies condition (i) for some p > p. Clearly, the same 
can be said about the condition (i) in Theorem A. It follows that the set of exponents 
p G (1, oo) for which V(£) -1 / 2 is bounded on L p (0) is an open interval. 

Let C = —A on a bounded Lipschitz domain O, subject to Dirichlet boundary condition. 
Using the solvability of the L 2 regularity problem and the boundary Holder estimates (see 
[14]), it is not hard to show that condition (i) in Theorem B holds for p = 3 if n > 3, and 
for p = 4 in the case n = 2 (see Lemma 4.1). It follows that for n > 3, the Riesz transform 
V(£)" 1 / 2 is bounded on L P (Q) for 1< p < 3 + e, and on L 2 (0, with u G A| +(5 (M n ). 

If n = 2, V(£)" 1 / 2 is bounded on L P (Q) for 1 < p < 4 + e, and on L 2 (0, ^) with 
uj G A3 +( 5(]R 2 ). The ranges of p are known to be sharp [13]. In the case that O is a C 1 

domain, V(£) -1 / 2 is bounded on L P (Q) for 1 < p < oo. We should point out that although 
our weighted L 2 bounds are new, the boundedness of V(— A) -1 / 2 on L p (0) for Lipschitz 
or C 1 domains was proved already in [13], by the method of complex interpolation. The 
direct extension of this method to the case of continuous coefficients fails, since it relies on 
the solvabilities of the L 2 Dirichlet and regularity problems. However, Theorem B in this 
paper allows us to perturb the operator C. This leads to the following theorem. 

Theorem C. Let O be a bounded Lipschitz domain in R n , n > 2. Let £ be a second-order 
elliptic operator of divergence form with real, symmetric, bounded measurable coefficients 
on O, subject to Dirichlet boundary condition. Assume that the coefficients ajk(x) are 
in VMO (R n ). Then there exists e > such that V(£) -1 / 2 is bounded on L p (0) for 
l<p<3 + eifn>3, and for l<p<4 + ein the case n = 2. Consequently, there exists 
5 > such that V(£)~ 1/2 is bounded on L 2 (0, ^) where u G Aa +s (W 1 ) if n > 3, and 

w G Aa +S (R 2 ) in the case n = 2. If O is a C 1 domain, V(£) _1/ ' 2 is bounded on L P (Q) for 
any 1 < p < oo, and on L 2 {Vt,u)dx) for any u> G A2(W l ). 

Remark 1.11. For divergence form elliptic equations on C ' domains with VMO co- 
efficients, the W 1,p estimates were obtained in [11] for any 1 < p < oo. The result was 
extended in [3] to the case of C 1 domains, for operators with complex coefficients. Our 
approach to Theorem C, which is very different from that in [11,3], is based on Theorem B 
and a perturbation argument found in [6]. Indeed, by Theorem B, it suffices to show that 
solutions of Cu = satisfies condition (i) in Theorem B for some p > 3 if n > 3, and p > 4 
in the case n = 2. To do this, we approximate u on each ball by a solution of a second 
order elliptic equation with constant coefficients (Lemma 4.7). The desired estimate for 
Vit follows from an approximation theorem (Theorem 4.13), which is essentially proved in 
[6]. 

The paper is organized as follows. Sections 2 and 3 are devoted to the proof of Theorems 
A and B. Theorem C is proved in section 4. Finally in section 5 we give the proof of 
Theorems 3.1 and 3.2. 

Acknowledgment. After this paper was submitted, the author was informed kindly by 
S. Hofmann of two recent preprints [1,2] on the study of Riesz transforms. In these two 
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papers necessary and sufficient conditions are obtained for the L p boundedness of Riesz 
transforms on manifolds [2, Theorem 1.3], and of Riesz transforms associated to second 
order elliptic operators with complex coefficients on R n [1, Proposition 5.6]. The conditions 
are given in terms of the L p boundedness of the operators ^/t'Ve~ tc uniformly for all t > 0. 
It is interesting to point out that the key step in the proof of sufficiency of the conditions 
in [1,2] uses a result similar to Theorem 3.1 of the present paper (see Theorem 2.2 in [1]). 

The author thanks S. Hofmann for pointing out the relevance of the results in [1,2]. The 
author also would like to thank the referee for several valuable comments. 

2. Some Preliminaries 

In this section we will prove that condition (iii) in Theorems A and B implies (ii) which, 
in turn, implies condition (i). We will also show that condition (i) leads to an L p estimate 
on the kernel function of the resolvent (C + A) -1 for A > 0. 

The following proposition is essentially due to Rubio de Francia [16]. 

Proposition 2.1. Let T be a bounded operator on L 2 (E) where E is a measurable subset 
ofR n . LetO<S<l. Suppose that 

(2.2) I \Tf\ 2 —<C f |/| 2 — foranyueA 1+d (R n ), 

Je u j e uj 

where C depends only on the Ai + s bound of u>. Then T is bound on L P (E) for 1 < p < 
2/(1-5). 

Proof. By considering the operator T(f) = XET(fxE), we may assume that E = R n . 
It follows from assumption (2.2) that for any uj G A u T is bounded on L 2 (IR n , ^) and 
L 2 (M n , u s dx). It is known that the boundedness of T on L 2 (M n , — ) for any ui G Ai implies 
its boundedness on L p (R n ) for 1 < p < 2, while the boundedness of T on L 2 (IR n , u 5 dx) for 
any uj E Ai implies its boundedness on L p (R n ) for 2 < p < 2/(1 — 5). We refer the reader 
to [10, pp. 141-142] for a simple and elegant proof of these facts. 

Using Proposition 2.1, it is easy to see that condition (iii) in Theorem A or B implies 
condition (ii). Next we show that the W 1,p estimate follows from the L p boundedness of 
the Riesz transform. 

Proposition 2.3. Suppose that operator V(£) -1 / 2 is bounded on L p (R n ) for some p > 2. 
For f e L p (R n ) and g G L q (R n ) where 1 = 1-1, let u G W^(R n ) be a weak solution 
of Cu = divf + g inR n . If Rv~ * { || V-u|| L 2 (i? <| x |< 2it) + R~ x ||u||i,2(fl<|x|<2fl:) } ^ as 
R -> oo, then \\Vu\\ p < C{||/|| p + \\g\\ q }. 

Proof. The proof is rather standard. Let <p be a smooth cut-off function such that <p = 1 
on B(0 L R), ip = outside of S(0, 2#), and \Wip\ < C/R. Then C(u^) = div(/) +g in R n , 
where / = ftp — ajkudk^p and g = —fVtp + g<p — ajkdjudk^p- Since u<p, f and g all have 
compact supports, we may write u<p = £ _1 (div/ + g). 
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Suppose now that V(£) -1 / 2 is bounded on L p (R n ) for some p > 2. Since V(£)" 1 / 2 
is always bounded on L*(IR n ) for any 1 < t < 2, it follows from duality that V£ _1 div is 
bounded on L t (W n ) for 2 < t < p. This implies that 

(2.4) ||V(Mllt <c{\\f\\ t + \\(£)- 1/2 g\\t} <c{\\f\\ t + \\g\\s} , 

where j = 7 — ^- We remark that the second inequality in (2.4) follows from the fact that 
the kernel function K{x, y) of the operator (£) -1 / 2 is bounded by C\x — y\ 1 ~ n . Hence, 

/o rx \\^ u \\l^B(0,R)) < C {\\f\\ L t( B (0,2R)) + \\g\\L*(B(0,2R))} 

' / -1 

+ C R { \\u\\ L t( B (p j2 R)\B(0,R)) + \\Vu\\ Ls ( B ( 0j 2R)\B(0,R)) } ■ 

By an iteration argument and Sobolev imbedding, this yields that 

II Vw||lp( B ( , i?)) < C{||/|Uf(B(0, CR)) + \\g\\L?(B(0,CR))} 

(2.6) „_„ _ x , 

+ CRp 2 [R ||w||i, 2 (fl<|a!|<CJi) + ||V'u||L2( jR <| a ,|< c . i? )). 

Letting — > 00 in (2.6), one obtains the desired estimate. 

Lemma 2.7. In Theorem A or B, condition (ii) implies condition (i). 

Proof. Let p > 2, and suppose that V(£) -1 / 2 is bounded on L p (IR n ). Then the operator is 
bounded on L*(IR n ) for 1 < t < p. Let u be a weak solution of Cu = in 3B = B(xq, 3r). 
For l<7i<7 2 <3/2, choose a smooth cut-off function cp such that ip = 1 on 71S , y> = 
outside of 72 -B, and |Vy?| < C/r. Note that £(u<p) = —dj (cijkudk(p) — cijkdkudjip in M. n . 
By Proposition 2.3, if |Vu| G L S {^ 2 B), then |Vu| G L*(7i-B) and 

( 2 - 8 ) ||Vu||i,*( 7i b) < C r_1 {IMU*( 72 b) + I|Vw||l S ( 72B )} , 

where 2 < t < p and 7 = 7 — ^- Since w — c is also a weak solution in 3S, we may use the 
L°° estimate and Poincare inequality to obtain 



(2.9) 



1 

\B\ 



l/t 

Wu^dx 




1/2 , 1 . \ V* 

V-u| 2 cte ] + ( — / |V-u| s cfe 

-°l >/72B 



From this, estimate (1.3) in Theorem A follows by an iteration argument, starting with 
s = 2. 

In the case of Theorem B, we first choose r > so small that for any P G <90, O n 
-B(P, 3ro) is given by the intersection of the region above a Lipschitz graph and B{P, 3ro), 
after a possible rotation of the coordinate system. Given B(xo,r) with < r < ro, 
consider two cases: (1) S(xo,3r) C O, (2) £ G <90. The first case may be treated exactly 
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as in Theorem A. In the second case, instead of replacing u by u — c and using Poincare 
inequality, one applies the Poincare inequality on QnB(xo, 727*) for functions which vanish 
on B{xq, 3r) fl <9fi. The rest is the same. 

To complete the proof of Theorems A and B, it remains to show that condition (i) 
implies conditions (ii) and (iii). To this end, we need to estimate the kernel function 
T\(x, y) of the resolvent (£ + A) -1 for A > 0. We begin with a size estimate for n > 3: 



(2.10) \T x (x, y)\ < Ce~ c ^ x - y \ ■ , - 

\x-y\ 



n-2 



which follows directly from the formula (C + A) 1 = J °° e xt e tc dt and the well known 
upper bound for the heat kernel of C [9]. In the case n = 2, one needs to replace ^ x _^ n -2 

by I ln(\/A|x — y\)\ + 1. The rest of this section is devoted to the proof of the following 
theorem. We remark that estimates similar to (2.12)-(2.13) may be found in [10]. 

Theorem 2.11. Suppose that operator £ in (1.1) satisfies condition (i) in Theorem B for 
some p > 2. Then, if n> 3, 



i/p 

(2.12) \±f \V x T x {x,y)\>dx) < C e~^ . _L_ 

1 -'{xen-. r<\x-y\<2r} J r 

1/p 

|V x r A (x, y) - V x r A (x, y + h)\ p dx 1 

{xefl: r<\x-y\<2r} 

(2.13) < c (My. e -^._i_, 

where < r < cro, y, y + h G O, \h\ < cr, and r\ = n(n, [i, O) > 0. If n = 2, one needs to 
replace -^r in (2.12)-(2.13) by (\ln(y/\r)\ + l)/r. If Q = W 1 and C satisfies condition 
(i) in Theorem A, above estimates hold for any < r < 00. 

Note that Ta^, y) = F\(y, x), and y) is a weak solution of Cu + Xu = in O \ {y}. 
Using size estimate (2.10) and Holder estimates, it is easy to see that Theorem 2.11 is a 
consequence of the following lemma. 

Lemma 2.14. Assume that C satisfies condition (i) in Theorem B for some p > 2. Then 
there exist constants r\ > 0, a > 1 and C > independent of A > 0, such that if u is a 
weak solution of Cu + Xu = in B(xq, ar) fl O for some xq G O, < r < r± and u = on 
B(xo, ar) fl dVt, then 

(2.15) [ — [ \Vu\ p dx) < - I — / \u\ 2 dx 

\ rn JB(x ,r)nn J ' r \ rn JB(x ,ar)nn 

If = M, n and C satisfies condition (i) in Theorem A, above statement holds for r\ = 00. 
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Proof. Let ubea weak solution of Cu+Xu = in B(xo, or) HQ and u = on B(xo, ar)ndQ, 
where a = 2ct 2 - We only consider the case xq G dVL. 

Let D = B{xq, r) fl O and tD = B(x , tr) n O. Let u be a weak solution of Cv = in 
q;2-D such that w = u — v G -ffgC^-D)- Using condition (i), we have 

(2,6) (1 1 1 Vul'dx) ^ (1 , Vli |^) " 2 + C (1 | W ) "* . 
To estimate Vw on «i-D, observe that Cw = —Xu in a^B). Hence we may write 



(2.17) w(x) = -X G(x,y)u(y)dy, 

J a2-D 

where G(x,y) is the Green's function for C on ct 2 -D- It follows that 

\Vw{x)\<X\\u\\ L ^^ D) \ \V x G(x,y)\dy 

J £12 D 

(— I \u\ 2 dx j /i(x), 
where = / £> |V x G(x, y)|cfa/, and we have used the Cacciopoli inequality 
(2.19) A f \u\ 2 dx+ [ \S7u\ 2 dx<%( \u\ 2 dx. 



(2 - 18) C ( \ 

< 



>■ — 2 

|a 2 D >/§a 2 D r J2a 2 D 



/ h(x)g(x)dx < sup / \Tg(y)\dy, 
Jol x D llall p '<i J« 2 d 



Note that 

(2.20) ||^IUf( ai D) = sup 

Nl„'<i 

where 

(2.21) Tg(y)= [ \V x G(x,y)\g(x)dx. 

Since (?(•, y) is a weak solution of Lu = in a 2 -D\ {y}, it follows from estimate (1.10) that 

(2.22) ^ \V x G(x,y)\*dx^J <C(2^r) 1 -V, 

where % = Ej(y) = {x G ctiD : 2^-^ < |x - y\ < 2~^r} for j > -3. Thus, by Holder 
inequality, 

\Tg(y)\<jr([ \V x G(x,y)\ p dx) (f \gfdx 

(2.23) i=-3 W / 

<Cr{M(bK)(y)} 1/P 
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where M denotes the Hardy-Littlewood maximal function. By Kolmogorov's Lemma [10, 
p. 102], this implies that 

(2.24) f \Tg{y)\dy<Cr\a 2 D\^\\g\\ pl . 

In view of (2.18) and (2.20), we obtain 



(2.25) 




The desired estimate (2.15) with a = 2ct 2 now follows from (2.16) and (2.25). 

3. Proof of Theorems A and B 

In this section we show that condition (i) in Theorem A or B implies conditions (ii) and 
(iii). This, together with Proposition 2.1 and Lemma 2.7, completes the proof of Theorems 
A and B. 

The proof of condition (i) implying (ii) relies on Theorem 3.1, which may be considered 
as a refined (and dual) version of the well known Calderon-Zygmund Lemma. Its proof as 
well as the proof of Theorem 3.3 will be given in section 5. 

Theorem 3.1. Let T be a bounded sublinear operator on L 2 (M. n ). Let p > 2. Suppose 
that there exist constants a 2 > a± > 1, N > 1 such that 




for any ball B C W 1 , and any bounded measurable function f with compact supp(f) C 
R n \a 2 B. Then T is bounded on L q (R n ) for any 2 < q < p. 

Theorem 3.1 may be extended to the case of bounded Lipschitz domains. 

Theorem 3.3. Let T be a bounded sublinear operator on L 2 {Q), where O is a bounded 
Lipschitz domain in M, n . Let p > 2. Suppose that there exist constants ro > 0, N > 1 and 
«2 > «i > 1 such that for any bounded measurable function f with supp(f) cO \ a 2 B , 




where B = B(xo,r) is a ball with the property that < r < ro and either xq G dQ 
B(xq, ct 2 r) C O. Then T is bounded on L q {Q) for any 2 < q < p. 
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Lemma 3.5. In Theorem A or B, condition (i) implies (ii). 

Proof. We first consider the case O = W 1 . Assume that operator C satisfies condition (i) 
in Theorem A for some p > 2. By Theorem 3.1, the linear operator T = V(£) _1 div is 
bounded on L q (M. n ) for 2 < q < p. Indeed, T is clearly bounded on L 2 (R n ). To verify 
(3.2), we let u = (£)~ 1 div(f) where / is a bounded measurable function with compact 
supp(/) C R n \4£?. Observe that Cu = in 3B. Thus inequality (3.2) follows directly from 
condition (i). By Theorem 3.1 and duality, V(£) _1 div is bounded on L q for p' < q < p. 

Next, since \\L 1/2 f\\ q < C||V/|| 9 for any 1 < q < oo [4, p. 114], we have 

(3.6) UOCr^div/H, = H^OCr'div/ll, < C HV^-Miv/H,, < C n/ii, 

where p' < q < p. Consequently, by duality, V(£) -1 / 2 is bounded on L q (M. n ) for 1 < q < 
p. Finally by the self-improvement property of condition (i) (see Remark 1.9), we may 
conclude that V(£) _1/2 is bounded on L q (R n ) for 1< q < p + e. 

The proof is similar in the case of Theorem B. In the place of Theorem 3.1, we use 
Theorem 3.3. Also we note that for a bounded Lipschitz domain, the inequality WC 1 ' 2 f\\ q < 
C || V/||q has been established in [5]. The proof is finished. 

To show that condition (i) implies the L 2 weighted norm inequality for the Riesz trans- 
form, we use the functional calculus formula 

(3.7) (£)-V2 = _/ A" 1/2 (£ + A)- 1 dA 

Jo 

to write 

(3.8) V(C)- 1 / 2 f(x)= [ K(x,y)f(y)dy, 
where 

1 f°° 

(3.9) K(x, y) = - A" 1 / 2 V x r A (x, y)d\, 

n Jo 

and T\(x, y) is the Green's function for C + A. 

Lemma 3.10. Suppose that C satisfies condition (i) in Theorem B for some p > 2. Then 

[hi , , \ k ^\ p A ^ 

\ r J{xen:r<\x-y\<2r} J r 

(\ [ \K(x, y) - K(x, y + h)\>dx) < ^ • 0-^-) " 

\r n J{xen:r<\x-y\<2r} J r n \ r J 



(3.11) 
(3.12) 
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where < r < r\, y, y + h G 0,, \h\ < cr, and r\ = r](n, fi, O) > 0. IfVt = M, n and C satisfies 
condition (i) in Theorem A, then estimates (3.11)-(3.12) hold for all < r < oo. 

Proof. In view of (3.9), estimates (3.11) and (3.12) follow directly from (2.14) and (2.15) 
respectively by integration. 

To use the estimates in Lemma 3.10 effectively, we consider the adjoint operator of 
V(C)- 1 / 2 : 

(3.13) Sf(x)= [ K(y,x)f(y)dy. 
Recall that the sharp function of / is defined by 

(3.14) f*(x) = sup inf JL f \f(y) - (3\dy. 

BBxf3£ m |-D| Jb 

Lemma 3.15. If operator C satisfies condition (i) in Theorem A for some p > 2, then 
(3.16) {Sf)*{x)<C {M(\ff)(x)} W 

for any x G M n . If £ satisfies condition (i) in Theorem B, and Sf is defined to be zero 
outside of Vt, then (3.16) holds for any x G O. 

Proof. We first consider the case of Theorem A. Suppose x G B = B(xq, r). Let f = g + h 
where g = fx4B- Since 5 is bounded on L p (R n ) by Lemma 3.4 and duality, we have 



(3.17) 



±. J B \S(<,)\dy< (j^J B \ S (9)\ P 'dy 



i/p' 



fir , \ 1/p ' r , ii/p' 

- c \w\U f{Pdy ) ^ c { m m\ p w} 



Next, let (3 = S(h)(xo). It follows from Holder inequality and estimate (3.12) that, for 
yeB, 



\S(h)(y)-(3\< I \K(z,y)-K(z,x )\\f(z)\dz 

l n \4B 

1/p , \ 1/p' 



<J2 [[ \K(z,y)-K(z,x )\ p dz) If \f(z)\ p 'dz 

j=2 \J^ j + 1 B\2i B ) \J 23 + 1 B\2i B 

<c{M{\f\v'){x)} " J2 2 ~ iV < C { M (\f\ P ')^)}' 
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This, together with (3.17), gives 

(3-18) ±-J b \Sf(y) -(3\dy<c{M(\ff)(x)) 1/P , 

from which (3.16) follows. 

In the case of Theorem B, we may use the same argument as above to show that for 
any isfi, estimate (3.18) holds for any ball B = B(xo,r) 3 x with < r < r\. If r > 77, 
we use the boundedness of S on L p (0) to obtain 



(3.19) 



/ \Sf\dy<C ri If \Sffdy) ^ <c\f \ff dy) 



i/p' 



c{M(\ff)(x)) 
The proof is complete. 

Proposition 3.20. Let f e L] oc (E) where E is a measurable set of M. n . Suppose u G 
A 2 (W l ) and f e L 2 {E,uodx). Define f to be zero on R n \ E. Then 

(3.21) f \f(x)\ 2 ivdx <C [ \f*{x)\ 2 udx. 

J E J E 

where C depends only on n and the A 2 bound of u. 

Proof. The case E = M 71 is well known. It was proved in [10], using the following good-A 
inequality 

(3.22) u{x G M n : M d f(x) > 2A, f*(x) < 7 A} < C^ S u{x G R n : M d f(x) > A} 

where u G Aoo, and M d f denotes the dyadic maximal function of /. In general, we use 
(3.22) to obtain 

/ u{xeE: M d f(x) > A} 

(3 23) 

<u{xeE: f#(x) > 7 A} + C~f 5 tv{x G K n : M d f(x) > A}. 
By integration, this gives 

/ \f(x)\ 2 udx < C 1 [ \f*(x)\ 2 udx + C-f S [ \M d f{x)\ 2 udx 

J E J E JR n 



(3.24) 



<C-y f \f*(x)\ 2 udx + C-f S [ \f(x)\ 2 udx, 

J E J E 



where we have used u G A 2 and the weighted norm inequality for M d . Inequality (3.21) 
now follows by choosing 7 so small that C7 5 < 1/2. 

We are now in a position to complete the proof of Theorems A and B. 



BOUNDS OF RIESZ TRANSFORMS ON L p SPACES 



13 



Lemma 3.25. In Theorem A or B, condition (i) implies (Hi). 

Proof. We give the proof for the case of Theorem A. The case of Theorem B is similar. 

Suppose that operator C satisfies condition (i) in Theorem A for some p > 2. It follows 
from Proposition 3.20, Lemma 3.15 and the weighted norm inequality for the Hardy- 
Littlewood maximal function that 



(3.26) 



\Sf\ 2 udx<C [ \{Sf)*\ 2 udx<C [ \M(\f\ p ')) 2/P udx 
<C [ |/| 2 ^x, 



where / is a bounded function with compact support, and u> G A 2 / p ,(M. n ). We remark that 
the first inequality in (3.26) requires Sf G L 2 (R n , udx). To see this, let us assume that 
supp(/) C B(0,R). Since S is bounded on Li(R n ,dx) for q > p\ Sf G L 2 (B(<d,2R),udx) 
by Holder inequality. If \x\ > 2R, using (3.11), we may show that 

(3.27) \Sf(x)\<C 



Ixi^-i) 



This is enough to assure that Sf G L 2 (R n \ B(0, 2R), udx) for any u G A 2 / p >. 

Finally, by (3.26) and duality, V(£) -1 / 2 is bounded on L 2 (IR n , ^) for any u G A 2/p ,(R n ). 
Condition (iii) now follows by the self improvement property of condition (i). 



4. Operators with VMO Coefficients on Lipschitz Domains 

In this section we will prove Theorem C stated in the Introduction. To do this, we first 
show that operators with constant coefficients satisfy condition (i) in Theorem B. We then 
use an approximation argument found in [6] to prove that operators with VMO coefficients 
also satisfy condition (i). 

Lemma 4.1. Suppose operator C in (1.1) has constant coefficients. Then it satisfies 
condition (i) in Theorem B for some p > 3 if n > 3, and for some p > 4 in the case n = 2. 
Moreover, p depends only on O, n and the ellipticity constant [i of C. 

Proof. We may assume that C = —A. If B(xq, 3r) C fi, inequality (1.5) for any p > 2 
follows easily from the interior estimates. Suppose xq G 90. We may assume that xq = 
and 

(4.2) D(0,n) = fins(0,n) = {(x',x n ) G R n : x n >il}(x , )}nB(0,r 1 ), 

where ip(x') is a Lipschitz function on M n_1 . 

Let a.2 > ol\ > 1. Suppose < r < tq = cr±, where c > is sufficiently small. Let 
u G H 1 (D(0, a 2 r)) be a harmonic function in D(0, a 2 r) such that u = on B(0, a 2 r) fl<9fi. 
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By the boundary Holder estimate and Poincare inequality, for x = (x',x n ) G D(0,r), we 
have 



(4.3) |V^)|<CK-^')) 7 '- 1 --^ T -(^ / \Vu\ 2 dy) 



1/2 



where r\ > 1/2 if n = 2, and ?y > if n > 3. It follows that if (p — 2) (77 — 1) > — 1, 
|Vw| p cfe 

C /" IT7..I2/ ././ _/x\(P-2)(t»-l) , J 1 



D(0,r) 



< 



r (p-2)(r?- 



J JD(0,r) I r "" JD(0,a ir ) 



£-1 
2 A 



£-1 
2 1 



* ^ l(V«)t * ■ £ V— * . { ± / D(Q ^ m 

<Cr [ \{Vu)*\ 2 da-Wf \Vu\ 2 d 

JA r [ r ™ JD(0, ai r) 

where A r = {(x' ,ip(x')) : \x'\ < r} and (Vu)*(x', ijj(x')) = sup{| V«(x', x n )| : (x',x n ) G 
D(0, r)}. This, together with the inequality 

(4.4) I \(Vu)*\ 2 da <- [ \Vu\ 2 dx, 

JA r r JD(0, ai r) 

gives the desired estimate (1.5) for 2 < p < p, where p = 2 + jz^- Note that p > 3 if n > 3, 
and p > 4 if n = 2. Finally we point out that since « = on A aar , (4.4) follows from the 
L 2 solvability of the regularity problem for Laplace's equation on Lipschitz domains, by 
an integration argument (see [8]). 

Remark 4.5. If O is a C 1 domain, then Holder estimate (4.3) holds for any < rj < 1. 
It follows that operators with constant coefficients satisfy condition (i) in Theorem B for 
any p > 2. Consequently, the Riesz transform V(£) -1 / 2 is bounded on L p (0) for all 
1 < p < 00. 

A function / in BMO(R n ) is said to be in VMO(R n ) if 
(4-6) lim sup \ I \f - f B ( Xo ,r)\dx = 0, 

»— °s €R" r JB(x ,r) 

where f B (x ,r) = /s(x Q ,r) fdx/\B(x ,r)\ is the average of / over B(x ,r). 

Lemma 4.7. Let O be a bounded Lipschitz domain in M. n . Suppose that the coefficients 
of operator C in (1.1) are in VMOiW 1 ). Then there exist a function 4>{r) and some 
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constants C > 0, a > 1, r\ > and p > 3 (p > 4, if n = 2) with the following properties: 
(1) lim r ^o 4>{ r ) = 0? (®) f or an V weak solution of Cu = in D(xo,ar) and u = on 
B(xo,ar) fl 90 with xq G O and < r < r\, there exists a function v G W 1,p (D(xo, r)) 
such that 

ilv , ^ i/p 

(4.8) <J I \S7v\ p dx\ <c\— \Vu\ 2 dx 

D(x ,r) J [ rn JD(x ,ar) 

1/2 , n 1/2 



(4.9) U/ \Vu-Vv\ 2 dx\ <<P(r)\^f |V«| : 

[ r JD(x ,r) J [ r JD(x ,ar) 



dx 



Proof. Let it be a weak solution of £w = in D(xq, ar) and « = 0on B(xo, ar) fl 90 with 
xo G O and < r < r±. Consider the operator Co = —djbjkdk, where bjk is a constant 
given by 



(4.10) b jk = / aj - fc (x)dx. 

|.D(£0, OT)| J B (x ,ar) 

Let v be a weak solution of = in D(x , f3r) such that u — v G -ffp (-D(^O) /3r)), where 
/3 = a/2 = cki. We will show that i> satisfies estimates (4.8)-(4.9). To this end, we first 
note that v = on B(x , f3r) fl 90. Thus, by Lemma 4.1, 



(4.11) 



\\ \Vv\ p dx\ <C{\ f \Vv\ 2 dx 

JD(x ,r) J I f n Jd(x ,M 



r n L( 



1/2 



<C I — I \Vu\ 2 dx 

Hx ,(3r) 



where p > 3 for n > 3, and p > 4 if n = 2. This gives (4.8). 

To see (4.9), we observe that Cq(u — v) = (Co — £>)u = ~dj(bjk — cijk)dkU. It follows 
from the energy estimate that 



\Vu — Vv\ dx 



)(x ,r) 



-I 

• n Jd 

- C Yl \ i / \ b jk - «jfc| 2 |Vw| 2 dx 



1/2 



D(o;o,/3r) 

r i /• 1 1/(290 r i r • L/(2</) 

< c Eb , i^-m 2 ^4 \vu\ 2 «dx 

j,k { JB(x ,M J [ r JD(x ,f3r) 



D(x ,ar) 
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where q = 1 + 5 and 5 > is so small that the L 2q estimates hold for solutions of Cu = 
[15]. Also we have introduced the function <f>(r) by 



(4.12) <j>{r) = C sup \ \ [ \ a jk ~ b jk \ 2q ' dx 

x £f2 [ r JB(x ,ar) 



Finally we note that by the John-Nirenberg inequality, if cijk G 7MO(l"), then 0(r) — > 
as r — > 0. This completes the proof. 

With Lemma 4.7 at our disposal, we may invoke the following approximation theorem 
to finish the proof of Theorem C. 

Theorem 4.13. Let f : E — > IR m be a locally square integrable function, where E is an 
open set of IR n . Let p > 2. Suppose that there exist three constants e > and a, iV > 1 
such that for every ball B = B(xo,r) with aB = B(xo,ar) C E, there exists a function 
h = hs £ L P (B) with the properties: 



(4.14) {^1/-^ <_ e [A_f JS?ix ] 

(4 - iB) {w\.L wdx Y P - N {w\L if]2dx ] 



Then, if 2 < q < p and < e < Eq = €o(n,p,q,a, N), we have 

(4 , 6) ^Jm^^c^Jjff^f, 

for any ball B with aB C -E 1 , where C depends only on n, p, q, a and N. 

We remark that Theorem 4.13, whose proof is omitted here, is essentially proved in [6]. 

Proof of Theorem C. It suffices to show that £ satisfies condition (i) in Theorem B for 
some p > 3 if n > 3, and p > 4 if n = 2. This will be done by combining Lemma 4.7 with 
Theorem 4.13. 

Let p and <f>(r) be the same as in Lemma 4.7. Fix q so that 3<g<pifn>3, 
and 4 < q < p for n = 2. Choose r > so small that sup 0<r<ro <f>(r) < e , where 
e o = e o(p, OS n i a, C) is given in Theorem 4.13. 

Now let ttbea weak solution of Cu = in D(xq, a^r) and u = on B(xo, a^r) H dQ, 
where < r < r^ja^- If B(xo,ct2r) C O, we simply apply Theorem 4.13 to / = V« on 
i? = B(xq, air) with /i = Vv for each ball in E, given in Lemma 4.7. 

In the case xq G 90, we also take E = B(xo, air); but extend / = V« to be zero outside 
of O. Given any B' = B(y ,t) with aB' C E. If y G O, we let Kb* = on D(y ,t) 
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and zero otherwise. If y ^ O and B' fl O 7^ 0, we may find a ball B = S(zo, 2t) centered 
on <9fi, such that B' C -B. We let Kb 1 = on D(zo,2t) and zero otherwise. Thus the 
desired estimates (4.14)-(4.15) for B' follow from (4.8)-(4.9). This completes the proof. 

5. Proof of Theorems 3.1 and 3.2 

In this section we give the proof of Theorems 3.1 and 3.3, using a line of argument 
similar to that in [6]. 

Proof of Theorem 3.1. Let T be a bounded sublinear operator on L 2 (R n ). Suppose that 
T satisfies assumption (3.2). We first note that with possibly different constants «i, 0:2, N, 
one may change balls B in (3.2) to cubes Q. 

Fix q G (2,p). Let / be a bounded measurable function with compact support. For 
A > 0, we consider the set 

(5.1) E(X) = {xeR n : M(\Tf\ 2 )(x)> A}, 

where M is the Hardy-Littlewood maximal operator defined by using cubes. Since Tf G 
L 2 , \E(X)\ < C\\Tf\\y\ < 00. Let A = l/(25 2 / q ) > 5 n , where 5 G (0,1) is a small 
constant to be determined. Applying the Calderon-Zygmund decomposition to E(AX), 
we obtain a collection of disjoint dyadic cubes {Qk} with the following properties: (a) 
\E(AX) \ U k Q k \ = 0, (b) \E(AX) n Q k \ > S\Q k \, (c) \E(AX) n Q k \ < S\Q k \, where Q k 
denotes the dyadic "parent"of Q k , i.e., Q k is one of the 2 n cubes obtained by bisecting 
the sides of Q k . To see this, we first choose a large grid of dyadic cubes of lR n so that 
\Q fl i?(AA)| < S\Q\ for each Q in the grid. We then proceed as in the proof of Lemma 1.1 
in [CP] for each Q n E(AX) C Q. 

We claim that it is possible to choose constants 5, 7 > so that 

(5.2) \E(AX)\ < S\E(X)\ + I {x G R n : M(|/| 2 )(x) > 7 A} | for any A > 0. 
This would imply that for any Ao > 0, 

(5.3) f ° A2- 1 | J B(A)|rfA < M g / 2 f ° A2- 1 | J B(A)|rfA + C(5, 7 ) f \f\ q dx. 
Jo Jo Jm n 

Using 5A q / 2 = l/2 q / 2 < 1, A > 1 and sup A>0 X\E(X)\ < 00, we obtain 

(5.4) / ° X^~ 1 \{x G lR n : |T/(x)| 2 > A}| dX < f ° A^~ 1 |E'(A)| dX < C f \f\ q dx. 
Jo Jo Jm n 

Letting A — > 00 in (5.4), we conclude that < C \\f\\ q . 



It remains to prove (5.2). To this end, it suffices to show that it is possible to choose 
5,7 > such that if Q k n {x G R n : M(|/| 2 )(x) < 7A} ^ 0, then Q k C £?(A). For this 
would imply that 

|£(AA) n^Gl" :M(\f\ 2 )(x) < 7 A}| < \E(AX)nQ k ,\ 

(5.5) 



< 



5j2\Qk'\<S\EWl 
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where {Q k ,} is a disjoint subcover of E(AX) H {x G W 1 : M(\f\ 2 )(x) < 7A} with the 
property that Q k , n {x G K n : M(|/| 2 )(x) < 7A} ^ 0. 

To finish the proof, we proceed by contradiction. Suppose that there exists xq G Q k \ 
E(X) and {x G Q k : M(|/| 2 )(a:) < 7A} 7^ 0. Then, if Q contains Q k , we must have 

(5.6) -L / |/| 2 cte< 7 A and -L / |T/| 2 cte < A. 

M M JQ 

It follows that for x G ft, 

(5.7) M(|T/| 2 )(x) < max(M 2 Q fc (|T/| 2 )(x),5-A), 
where Mq is a localized maximal function defined by 

(5.8) M Q (g)(x)= sup — - / for x eQ. 

Q'Bx IV I JQ' 
Q'cQ 

Since A = l/(25 2 /<?) > 5 n , we have 

|Q fc n E(AX)\ < \{x G Q fc : M 2 Q k (\Tf\ 2 )(x) > A\}\ 

<|{xGQ fc :M 2 ^(|T( /Xa ^)| 2 )(x)>^ 

+ I {^ft: M 2 Q fe (|T(/x M „ W Q fc )| 2 )(a:) > ^} | 

It then follows from the L 2 boundedness of T, assumption (3.2) and (5.6) that for any 
A > 0, 

(5J0) \Q^E(AX)\< m {^ + ^) 

= 5\Q k \{2C< 1 5l- 1 +C2P/ 2 ^" 1 }. 

where C depends only on n,p, cti, a 2 , iV as well as the operator norm of T on L 2 (M n ). 

Finally we choose 5 G (0, 1) so small that C2p/ 2 5«~ 1 < 1/2 and A = l/(25 2 / q ) > 5 n . 

— — 1 

This is possible since q < p. With 5 fixed, we choose 7 > so small that 2C^5i < 1/2. 
It follows from (5.10) that |Q& n £?(AA)| < 5|Qfe|. This contradicts with the fact that 
\Qk H £?(AA)| > 5|Qfc|- Thus we must have ft C E(X) whenever the set {x G Q k : 
M(\f\ 2 )(x) < 7A} is not empty. The proof is complete. 



(5.9) 
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Remark 5.11. Let T be a linear operator with kernel K(x,y) satisfying 

(5-12) \K(x, y) - K(x + h, y) \ < g^- , 

\x y\ 

where x,y,h G R n and \h\ < \x — y\/4. Suppose supp/ C lR n \ 8B. Then 

(5.13) \Tf(x)-Tf(y)\ <C sup -L [ \f(z)\dz for any x, y G Q. 

q'dq Iv I Jq> 

It follows that 

(5.14) ||T/|| L co (g) < ±- f \Tf\dx + C sup f \f\dx. 

\Q\ JQ Q'DQ \Q I JQ> 

Thus T satisfies assumption (3.2) in Theorem 3.1 for any p > 2. Consequently, if T is 
bounded on L 2 , then it is bounded on L p for any 2 < p < oo. In this regard, Theorem 3.1 
may be considered as an extension of the Calderon-Zygmund Lemma. 

The following is a weighted version of Theorem 3.1. Its proof may be carried out by a 
careful inspection of the proof of Theorem 3.1. The key observation is that if dfi = u s dx 

where u G Ai(R n ) and < 5 < 1, then n(E) < C (j§j) /i(Q) whenever E C Q. We 
leave the details to the reader. 

Theorem 5.15. Under the same assumption as in Theorem 3.1, T is bounded on L 2 (M n , u 5 dx) 
where u G A 1 (W n ) and < S < 1 - |. 

Proof of Theorem 3.3. The proof is similar to that of Theorem 3.1. We first note that 
with possibly different constants a±, ai2, N, ro, inequality (3.4) holds for any ball B(xo,r) 
with the property that < r < ro and B(xq, r) fl O ^ 0. Also one may replace balls B in 
(3.4) by cubes Q of side length r. 

Next we choose a cube Qq such that O C Qo- Fix q G (2,p). Let 5 G (0, 1) be a small 
constant to be determined. For A > 0, we consider the set 

(5.16) E(X) = {xeQ : M 2Qa {\Tf\ 2 Xii){x) > A}. 

Then |i?(A)|<C||/|| 2 /A<5|Qo|if 
(5-17) A>A 1 = -g- I |/p 



dx. 



Let A = l/(25 2 / q ). For A > Ai, we apply the Calderon-Zygmund decomposition to E(AX). 
This produces a collection of dyadic subcubes {Qk} of Qq satisfying the same properties 
(a), (b), (c) as in the proof of Theorem 3.1. Note that 5\Q k \ < \E(AX)\ < C||/||!/(A\) < 
5\Qq\/A. It follows that \Qk\ < \Qq\/A. Thus we may choose 5 so small that the side 
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length of 2Q k is less than tq. With this observation, we may use the same argument as in 
the proof of Theorem 3.1 to show that for A > Ai, 

(5.18) \E(AX)\ < 8\E(X)\ + \{x e R n : M(\f\ 2 Xn )(x) > 7 A}|. 
By integration, this implies that 

(5.19) I |T/|^x<CA? /2 |Q | + C / \f\ q dx<C [ \f\ q dx. 
The proof is finished. 
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